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Abstract 



For a growing number of applications such as cellular, peer-to-peer, and sensor networks, efficient error-free 
transmission of data through a network is essential. Toward this end, Kotter and Kschischang propose the use of 
subspace codes to provide error correction in the network coding context. The primary construction for subspace 
Mh, codes is the lifting of rank-metric or matrix codes, a process that preserves the structural and distance properties 

^H ' of the underlying code. Thus, to characterize the structure and error-correcting capability of these subspace codes, 

it is valuable to perform such a characterization of the underlying rank-metric and matrix codes. This paper lays a 
foundation for this analysis through a framework for classifying rank-metric and matrix codes based on their structure 
and distance properties. 
^ ■ To enable this classification, we extend work by Berger on equivalence for rank-metric codes to define a notion 

of equivalence for matrix codes, and we characterize the group structure of the collection of maps that preserve such 
equivalence. We then compare the notions of equivalence for these two related types of codes and show that matrix 
equivalence is strictly more general than rank-metric equivalence. Finally, we characterize the set of equivalence 
maps that fix the prominent class of rank-metric codes known as Gabidulin codes. In particular, we give a complete 

\f~\ ' characterization of the rank-metric automorphism group of Gabidulin codes, correcting work by Berger, and give a 

^^ ' partial characterization of the matrix-automorphism group of the expanded matrix codes that arise from Gabidulin 

'nI ■ codes. 

o 
m 

I. Introduction 

K^ ' To enable efficient transmission of information through a network, Ahlswede, et al. IT] propose a method known 

jrt , as network coding. With this approach, each node has the ability to intelligently combine, or code, the information 

coming into it, and then pass along this new encoded data toward the sink; this coding often enables the network 
to achieve a higher throughput, i.e. a higher amount of information transmitted from the source to each receiver 
in a single unit of time. For certain classes of networks, Kotter and Medard Q prove that it is sufficient to use 
random linear network coding to achieve capacity; in other words, it is sufficient to simply allow each internal 
node to pass along a randomly generated linear combination of its inputs as long as the coefficients of each linear 
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combination live over a sufficiently large finite field, and this method produces the largest possible throughput 
for the network. In addition to achieving capacity, random linear network coding has the added benefit that code 
design and implementation are independent of the network topology, and so can be used in cases where the network 
topology is unknown or often changing, as with peer-to-peer networks. As a result, random linear network coding 
is highly appealing for widespread implementation. 

A significant drawback of network coding arises, however, when noise is introduced at any of the internal nodes 
or links. Even a single error introduced somewhere early in the network can propagate through to potentially 
corrupt all the final outputs; thus, some form of error correction is necessary. Since random linear network coding 
outputs linear combinations of the input vectors, the subspace of input vectors is preserved at the output. Kotter 
and Kschischang (Sl propose the use of subspace codes, i.e. carefully chosen collections of subspaces, to provide 
error correction for random linear network coding. They also propose a simple construction for subspace codes via 
the lifting of linear codes whose codewords are either matrices over ¥q or whose codewords are vectors over F^™ 
equipped with the rank distance. Codes with matrices as codewords are also known as matrix codes, array codes 
e.g. is, or space-time codes over a finite field e.g. |6 1, while the codes consisting of vectors over F,™ are known as 
rank-metric codes. In particular, Kotter and Kschischang propose lifting Gabidulin codes, which comprise a class 
of optimal rank-metric codes. Additionally, they introduce a metric on the collection of subspaces and define a 
minimum-distance decoder for subspace codes. The subspace metric turns out to be a scalar multiple of the rank 
metric when the subspaces are lifted from matrix or rank-metric codes lfT4l . and so it is valuable to study the 
structure and distance properties of such codes. Thus, the primary focus of this work is to provide a framework for 
classifying rank-metric and matrix codes based on these defining properties. 

In Section Ull we give some necessary background on subspace codes with a focus on the lifted matrix code and 
lifted rank-metric code constructions. We review Kotter and Kschischang's foundational subspace code construction 
of lifted Gabidulin codes, and so we give a definition of Gabidulin codes as well. We then turn to an analysis of 
the underlying rank-metric and matrix codes. To enable this analysis, we begin by characterizing the relationship 
between these two classes of codes via the linear map ei,, which expands elements of an F^-extension field with 
respect to an ordered basis b for that field as an Fg-vector space. 

In SectionHni we then turn toward classifying rank-metric and matrix codes in terms of their structural and distance 
properties. This leads us to a definition of equivalence for each class of codes. With this in place, in Subsections 
IIII-BI and IIII-Cl we characterize the collections of linear and semi-linear equivalence maps for rank-metric codes, 
correcting a result from ||2], and contrast these with the collections of linear and semi-linear equivalence maps for 
matrix codes, again appealing to the map eb to navigate between these two code types. 

In Section IIVI we investigate the subset of linear equivalence maps that fix a given code, which is termed the 
linear automorphism group of the code. We provide a complete characterization of the linear automorphism group 
of the class of rank-metric codes known as Gabidulin codes in Subsection IIV-AI Berger previously attempted to 
characterize this group, but we have found a flaw in his proof and provide counterexamples to his characterization. 
Finally, in Subsection II V-BI we give a partial characterization of the linear automorphism group of the matrix codes 
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that arise from expanding Gabidulin codes via the map eb- 

II. Background 

A. Subspace Codes for Random Linear Network Coding 

As outlined in the Section U since random linear network coding only preserves the subspace of information 
vectors injected by the source, and errors introduced by the network will shift this subspace to another "nearby" 
subspace, Kotter and Kschischang propose the use of subspace codes with an appropriate distance metric to provide 
error correction in this context lH]. This motivates the following definitions. 

Definition II.l (El). Let V be an n-dimensional vector space over ¥q and let ^(V) be the collection of subspaces 
of V. A subspace code is a non-empty subset of ^{V). For any U,V € ^{V), the subspace distance between U 
and V is defined as ds{U, V) := dim([/ + V)- dim{U n V). 

For ease of decoding, Kotter and Kschischang restrict to codes where all the subspace codewords have the same 
dimension; thus, each receiver knows to stop collecting additional vectors from the network once it has accumulated 
a set number of linearly independent output vectors. These subspace codes are known as constant dimension codes: 

Definition 11.2. A subspace code C C ^(V) is called a constant-dimension subspace code if dim U = dim V for 

all U,V eC. 

A constant-dimension subspace code C C ^(V) over ¥q is typically described by a 4-tuple of parameters 
[n, I, k, (is,min]g, whcrc n is the dimension of V; / is the dimension of each U ^ C, which is necessarily less than 
or equal to n; k — log„ \C\ is the log of the number of codewords in C; and ds,niin = ds,min{C) is the minimum 
subspace distance between any two distinct codewords in C 

B. Lifted Matrix Codes 

We may fix a basis for the n-dimensional ambient F^-vector space V and identify V with F" via this choice 
of basis. There is then a one-to-one correspondence between /-dimensional subspaces of V and I x n matrices in 
reduced row echelon form, given by [/ o M, where M is the unique matrix in reduced row echelon form whose 
rows form a basis for U. Recall that the pivot locations of an I x n matrix M in reduced row echelon form are the 
integers i, 1 < i < n, such that the i* column of A/ is a standard basis vector If M has rank I, then there will be 
precisely / pivot locations; if the pivot locations aie ii < i2 < ■ ■ ■ < ii, then the I x I matrix whose s* column is 
the if column of M is simply the identity matrix. If M is the matrix in reduced row echelon form corresponding 
to the subspace U of V, then we will abuse terminology and refer to the pivot locations of M as the pivot locations 
of [/. 

Definition II.3 (fT?!). Let C be an [n, I, k, ds.min] constant-dimension subspace code and suppose the pivot locations 
for every U E C coincide. Then we call C a lifted matrix code. For U £ C, let M be the corresponding matrix in 

April 3, 2013 DRAFT 



reduced row echelon form and let 1 < ji < J2 < • • • < jn-i < nhe the non-pivot locations of M. The I x [n — l) 
matrix A whose s* column is the j* column of M is the auxiliary matrix for U . We call the collection 

C = {Ae Ip^x("-0 I A is an auxihary matrix of some [/ G C} 

of auxiliary matrices of codewords of C the underiying matrix code of C, and we define the minimum rank-distance 
dR^min of C to be the minimum over all A, B G C of the rank distance dR{A, B) := rank(A — B). 

The previous definition outlines how to identify that a subspace code is a lifted matrix code, but one may also 
easily construct a subspace code by lifting a matrix code of appropriate dimensions. In particular, once I columns 
are selected as pivot locations and a matrix code C C Fg^^" ' is chosen, the lifted matrix code is obtained by 
appropriately interspersing the columns of the matrix codewords with the pivot columns. Observe that each choice 
of pivot columns will result in a distinct constant-dimension subspace code; however, the distance distribution is 
independent of the choice of pivot columns, and is determined only by that of the underlying matrix code. This 
result is captured in Lemma III.4I from llT4l . 

Lemma II.4 (Silva, Kschischang, Kotter (HI). Suppose U,V £ ^{V) are l-dimensional subspaces ofV that have 
the same pivot locations and let A and B be the I x (n — I) auxiliary matrices for U and V, respectively. Then 
ds{U, V) = 2 rank(A — B) = 2dii{A, B). Hence, if C is a lifted matrix code and C is the corresponding matrix 

code, then ds,min{C) = 2dR^rnin{C). 

Given this simple correspondence between the distance distributions of lifted matrix codes and their underlying 
matrix codes, a natural next direction is to seek out constructions of matrix codes with good distance properties. 
Toward this end, we examine the relationship between matrix codes and another class of codes known as rank-metric 
codes. To facilitate this, we first need to fix some notation. 

C. Lifted Rank-Metric Codes 

Definition II.5. Fix an ordered basis b = (61, . . . , 6,„) for F^™ over F^. The vector expansion with respect to b 

is the map eb : F,™ -^ F™ given by eb(a) = (ai, a2, . . . , a™) where a = aibi + 0262 + • • • + ambm- 

Remark II. 6. Observe that Cb is Fg-linear, but not a field homomorphism. 

In addition to expanding elements of F^m to form vectors in F"\ we will also need to consider expanding vectors 
in F' m to form matrices in F'^™. As a slight abuse of notation, we will denote the map for this expansion by eb 
as well. Thus, we obtain the following definition. 

Definition II.7. Fix an ordered basis b = (61, . . . , 6m) for F^m over F^. Matrix expansion with respect to b is the 
map Eb : ]FL„ -> F'^™ given by 



eb(x) 



<:b(a:^i) 
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where x = (a:i,X2, . . . ,xi). 

With this notation in place, we now define the notion of rank-metric distance and thus rank-metric codes. 

Definition II.8 ([4J). Fix an ordered basis b for F^m over ¥q. For x, y £ FL„, the rank-metric distance between 
X and y is 



rfi?,(x,y) = dimp, (^spanj._^{xi -yi, X2 -y2,---, a;; -y;} 
= rank(eb(x) - eb(y))- 

The rank-metric weight, or rank, of a vector x e FL„ is 

dij(x,0) = dimp, fspanj._^{a;i, X2,..., xiU =rankeb(x). 

A rank-metric code of length I and minimum rank-metric distance dj^ ,„i„ = (ifl,min(C') over Fg^ is a subset C of 
F',„ such that (i_R,min = min (ifl(x, y). 

x.y e C, X ^iS y 

If C C F' „ is a rank-metric code then 

eb(C) = {6b(x)|xGC}CF^x™ 

is called the expanded matrix code of C. 

Remark II. 9. Since the rank-metric distance between two vectors equals the rank distance between their corre- 
sponding matrix expansions, the rank-metric distance on vectors is equivalent to the rank distance on matrices. 
Furthermore, the rank-metric distance is independent of the choice of basis b for the ambient space. For this 
reason, we denote both distances by dn, and we assume that the context will make it clear whether it is necessary 
to first apply eb to evaluate that distance measure. 

Since it is possible to obtain a matrix code from any rank-metric code, we also have a notion of lifted rank-metric 
codes. 

Definition 11.10. Fix an ordered basis b for Fgm over Fg. Let C C FL„ be a rank-metric code with expanded 
matrix code et,{C). Given I integers, 1 < ii < 12 < • • • < i; < / + m, the lifted rank-metric code of C is the lifted 
matrix code C C ^(F'+™), as in Definition III. 31 whose pivot columns are ii,i2, ■ ■ ■ ,ii and whose underlying 
matrix code is eh{C). 

By Lemma [inl and the definition of rank- metric distance for rank-metric codes, we see that if C is a rank-metric 
code of minimum rank-metric distance dji^min, then the hfted rank-metric code C has minimum subspace distance 
ds,min — '^dfjmin- Thus, any [l,k,dfi,min]q"^ rank-metric code gives rise to an [I + in,l,km,2dji,„iin]q lifted 
rank-metric code. 

Kotter and Kschischang first proposed the construction of lifting rank-metric codes in their seminal paper ||8], 
where they focused specifically on lifting the family of rank-metric codes that have become known as Gabidulin 
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codes. These codes are (7™-ary analogues of Reed-Solomon codes that are optimal for the rank-metric distance in 
that they meet a rank-metric analogue of the Singleton bound. We review two constructions of Gabidulin codes 
below as these are the most prominent rank-metric codes. 

In keeping with Gabidulin's original notation, we will use al*' to mean a''' for any a G F^m and integer i. 

Definition 11.11 (Theorems 6 and 7 in |4|). An [n, k, dj^™ Gabidulin code C, with k = n — d+ 1 and n < tti, is 
a code defined by a parity-check matrix of the form 



H = 



hi 


h2 


.w 


.w 


h['-'^ 


hf 



,m 



[d-2] 



where {hi € F,™ | 1 < i < n} are linearly independent over F^. Equivalently, an [n,k,d]q^l^ Gabidulin code C, 
with k = n — d+ 1 and n < m, is a code defined by a generator matrix of the form 



G 



91 



92 



[fc-1] [fc-1] 



9n 

9k^' 






where {gi e F^m | 1 < i < n} are linearly independent over F^. For compactness, we denote such a Gabidulin 
code by Ck,g.q'" where g = (51, 52, . . . ,.g„) similar to the notation in [2|. Any vector g e F"™ whose entries 
are linearly independent over F^ will be called a Gabidulin vector, since such a vector can be used to define a 
Gabidulin code. 

In analogy with Reed-Solomon codes, Gabidulin codes may equivalently be defined in terms of evaluating 
Unearized polynomials at a collection of linearly independent points in F^m |4|. This equivalent definition allows 
for the creation of efficient encoding and decoding algorithms. We will not need that construction here, however, 
and so we refer the interested reader to (4] for further details. 

In JS), Kotter and Kschischang prove a Singleton bound for constant-dimension subspace codes in analogy 
with the Singleton bound for block codes. They then give an asymptotic version of this bound and show that the 
family of lifted Gabidulin codes aymptotically achieves this bound. Given the asymptotic optimality of certain lifted 
rank-metric and matrix codes, we are led to further investigate the structure and distance properties of underlying 
rank-metric and matrix codes as these may prove valuable for further lifted subspace code constructions. To enable 
this investigation, we must be able to classify codes based on these structural and distance properties, and so we 
are led here to define and examine an appropriate notion of code equivalence. In the following section, we will 
examine the appropriate notion of equivalence for rank-metric codes as well as the notion of equivalence for matrix 
codes, with an eye towards comparing and contrasting the resulting equivalence maps. 

To enable this comparison of equivalence maps, we need a method for translating between rank-metric and matrix 
codes since each equivalence map is only defined to operate on one of these code types. Thus far, we have seen 
that to any rank-metric code C C F'm, we may associate a matrix code eblC") C F'^'" by expanding C with 
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respect to some ordered basis b for Fg™ as an F^-vector space. But to enable our comparison, we must also have 
a map to translate back from matrix codes to rank-metric codes; this is accomplished via e^^^, which compresses 
the matrix code C with respect to the basis b. This notion of compression and the mechanism for accomplishing 
it is made more precise in the following definition. 

Definition 11.12. Fix an ordered basis b = (61, 62, • ■ • , bm) for F^m over F^. Matrix compression with respect to 
h is the map e^^^ : F^^™ -^ F^™ given by 

(mm m 

Y^ xxjhj^Y^ X2jbj, . . . , XI ^iJ^J 

= {X{bl,...,bmVf 
= ibi,...,bra)X^ 

where X = [x,j] £ F^^™. If C C Fj^^™ is a matrix code, then e^^'^{C) = {eb^(^) \X eC} C Fj,,„ is called the 
compressed rank-metric code of C. 

III. Equivalence for Rank-metric and Matrix Codes 

Intuitively, two codes should be considered equivalent if they share all the same properties and structure. In 
particular, equivalent codes should have the same distance distribution and the same number of codewords, or 
dimension if the codes are linear. To preserve the dimension of a linear code, any map between equivalent codes 
must take a subspace to a subspace of the same dimension; we will term such a map to be subspace-preserving. 
While we would additionally desire that an equivalence map be distance-preserving, this characteristic is significantly 
harder to enforce than simply requiring that the map be weight-preserving. It is well-known, however, that for linear 
codes the distance and weight distributions coincide, and so any additive map between linear codes that is subspace- 
preserving and weight-preserving is also distance-preserving. Thus, we simplify the notion of equivalence maps as 
follows: we say a map between codes is an equivalence map if it is additive, weight-preserving, and subspace- 
preserving. While there is a broad collection of subspace-preserving maps, we will restrict to the class of semi-linear 
maps (a notion that will be made precise below) because those have the greatest structure in terms of linearity that 
still allows for possible renaming/reordering of elements of F^. We will also consider restriction to the class of 
linear maps because analysis of these maps is generally simpler and cleaner than that of semi-Hnear maps, and is 
often a necessary first step to characterizing the semi-linear maps. 

Definition III.l {fl\). A map / : F" ^> F" is semi-linear if it satisfies the following conditions: 

1) /(x + y) = /(x) + /(y) for every x, y £ F^^, and 

2) there is some 7 G Gal(Fg/Fp) such that /(ax) = a* f{'K) for every a G F^ and every x G F" where q = p^ 
for some e. 

The collection of invertible semi-linear maps on F" under composition is called the general semi-linear group and 
is denoted rL„(Fg), in analogy with the general linear group GL„(Fq). 
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It is clear that any invertible semi-linear map is subspace-preserving since it is simply the composition of a 
linear map and an Fp-automorphism of ¥q. In fact, the collection of invertible semi-linear maps forms a subgroup 
of the group of subspace-preserving maps. More precisely, rL„(Fq) is the semi-direct product of the collection 
of invertible linear maps with the collection of Fp-automorphisms of F^ Q. A typical element of rL„(Fg) — 
GL„(Fq) x: Gal(Fg/Fp) is an ordered pair (A; 7), which acts on F" via x(yl;7) — (xA)'' , where 7 acts on 
xA G F" coordinate-wise. Note that we may also consider 7 6 Gal(Fq/Fp) as acting on F''*™ coordinate-wise, 
which enables us to express multiplication in the group rL„(Fg) by 

(Ai;7i)(^2;72)= Ui4''' ,7172 
since we have 

x(Ai;7i)(A2;72) = ((xAi)^O (^2:72) = ((xA^^Ma)^^ - (xAiA^^ j . 

A. Review of Block Code Equivalence Maps 

With the background on semi-linear maps in place, we may now define precisely the notion of equivalence for 
rank- metric codes in FL„ and for matrix codes in F''*™. To place this work in context, we begin by quickly recalling 
the notion of equivalence for block codes in F" 

Definition III.2 (GJ). An invertible map / : F" ^ F" is a linear block-equivalence map if / is F^-linear and 
preserves Hamming weight. Similarly, an invertible map / : F" — > F" is a semi-linear block-equivalence map if / 
is Fg-semi-linear and preserves Hamming weight. Two block codes C,C C F" are (semi-)linearly block-equivalent 
if there exists a (semi-)linear block-equivalence map / such that C — f{C). 

Remark III. 3. Since the composition of two linear Hamming weight-preserving maps is also a linear Hamming 
weight-preserving map, the collection of linear block equivalence maps forms a group under composition. An 
analogous statement holds in the semi-linear case. 

Recall that a monomial matrix is a matrix that has precisely one non-zero entry in each row and each column. 
Any monomial matrix can be written in the form DP where D is an invertible diagonal matrix and P is a 
permutation matrix |13|. As a consequence of the Mac Williams Extension Theorem ITOl , the monomial matrices 
are the only Hamming-weight preserving linear maps. Thus, the collection of Unear block-equivalence maps is 
precisely the subgroup of monomial matrices Q- Furthermore, since field automorphisms preserve Hamming weight, 
the collection of semi-linear block-equivalence maps is the subgroup formed from the semi-direct product of the 
monomial matrices with the group Gal(Fq/Fp). 

B. Rank-Metric Code Equivalence Maps 

We now turn to the notion of equivalence for rank-metric codes, which was first studied by Berger in ||2]. 
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Definition III.4 (|2|). An invertible map / : FJ^^ — > F^^™ is a linear rank-metric-equivalence map if / is F,™ -linear 
and preserves rank weight. The collection of linear rank-metric-equivalence maps is denoted by LEquivRMi^lnt). 
Similarly, an invertible map / : FL„ — !■ FL„ is a semi-linear rank-metric-equivalence map if / is F^m/Fp- 
semi-linear and preserves rank weight. The collection of semi-linear rank-metric-equivalence maps is denoted by 
S LEquivjfMi^qm) ■ Two rank-metric codes C, C C FL„ are (semi-)linearly rank-metric-equivalent if there exists a 
(semi-)linear rank-metric-equivalence map / such that C = ,f{C). 

Remark III. 5. Since the composition of two linear rank weight-preserving maps is also a linear rank weight- 
preserving map, the collection of linear rank-metric equivalence maps forms a group under composition. An 
analogous statement holds in the semi-linear case. 

Remark 111.6. Berger [2] refers to linear rank-metric equivalence maps as linear isometrics and uses the notation 
/so(FL, ) to refer to the collection of such maps. Similarly, he terms semi-linear rank-metric equivalence maps as 
semi-linear isometrics and uses the notation 5/so(FL„ ) to refer to the collection of such maps. We will use the 
term equivalence map here, however, for consistency with the block code literature examining equivalence classes 
of codes. 

In ||2l, Berger precisely describes the collections of linear and semi-linear rank-metric-equivalence maps. He shows 
that the only linear rank-metric-equivalence maps are multiplication by non-zero scalars in F^™ , multiplication on 
the right by elements of GL;(Fg), and compositions thereof; he also shows that the only semi-linear rank-metric 
equivalence maps are given by a linear rank-metric equivalence map composed with coordinate-wise application of 
automorphisms in Gal(Fqn, /Fp). Propositions IIII.7I and IIII. lOl give the group structure for these two collections of 
maps. 

Proposition III.7. The group of linear rank-metric-equivalence maps on FL„ satisfies 

LEquivRM{^\,^) = (f;,„ X GL^F,)) /iV, 

where N - {(A, A-i/;) | A e F;} < F;„ x GLKF,). 

Proof. In 121, Berger proves that the linear rank-metric equivalence maps can be represented as products of F*„,- 
scalar matrices and invertible matrices over F^, and so 

LEquiv^u{^\..) = {all \ a E F^^} ■ GL,(F,) C GL^F,™)- 

Since the scalar matrices form a normal subgroup, the product of that subgroup with GL;(Fg) is well-defined and 
does in fact form a group. Thus, 

|,p„,„„ ^F' ^|_ \{aIi\aeW*^^}\\GU{W,)\ _ (g"' - 1) nU(g' - g') 
|ii^gm.,M(F,.„)l - |{,,, |,eF*„}nGL.(F,)| ^^1 ' 

Furthermore, since the scalar matrices are in the center of GLi{¥qm), it is possible to represent each equivalence 

map as a single scalar multiplication followed by multipUcation by a single matrix in GL;(Fg). Thus, there is 

a natural homomorphism from the direct product F*,„ x GL;(Fg) onto iy_EqwwRM(FL, ). Since it is possible to 
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represent multiplication by an F*-scalar in two ways, namely via an F*™ -scalar or by an F*-scalar matrix, we see 
that the kernel of this map contains the subgroup N = {(A, X^^Ii) \ A G F*}. Finally, since \N\ = (7 — 1, we have 

I (F;„ X GLj(F,)) /N\ = ^-^ nU^ U = \LEqmvMK-)\^ 

and so N must equal the kernel of the map. Thus, by the first isomorphism theorem, the result holds. D 

Remark III.8. By the Proposition IIII. 71 each linear rank-metric equivalence map corresponds to a coset of the form 
{a,L) ■ N for some a £ F*™ and L e GL;(Fq). For ease of notation, we will henceforth write [a,L] to denote 
the coset {a, L) ■ N . 

In Proposition IIII.7I we show that LEquivRM{^''qra) = (F*,„ x GL;(Fq)) /A^, while |2| previously asserted 
that LEquiv = (F*™/F*) x GL;(F,) by taking the direct product F*„ x GL((Fq) and modding out by the 
intersection of those groups. However, this intersection does not give the maps that correspond to the identity map 
in L£'g?iiwRM(FLi), and so there is a flaw in the proof. In particular, there are a number of values of q, I, and 
TO for which the two groups, (F*™ x GL;(Fg)) /N and (F*„./F*) x GL;(Fg), are not isomorphic. Example 111191 
gives some insight into why the groups are not isomorphic in general. 



Example III.9. Set q = 3, / = 2, and m = 4. Let a be a primitive element for F^™ = Fgi. Consider the 
element [a, 12] e {^si ^ GL2(F3)) /N. Since {[a,l2]Y = [a*, ^2] and the only element in N with I2 as its second 
coordinate is (l,/2), we see that (a*, 12) £ N precisely when a* — 1. Since a is a primitive element, its order is 
q™ — 1 — 80, and so the order of [a, I2] is also 80. 

In contrast, we will show that the group (Fgj^/Fg) x GL2(F3) has no elements of order 80. To see this, recall 
that the order of an ordered pair in a direct product equals the least common multiple of the orders of each entry 
of the ordered pair, and so ([/?], B) G (F^j^/Fj^) x GL2(F3) has order equal to the least common multiple of the 
orders of [(3] ^ p ■ F3 e (Fg^/Fg) and B e GL2(F3). The orders of elements in (Fg^/Fg) must divide the order 
of the group, which is (81 — l)/(3 — 1) = 40, while the orders of elements in GL2(F3) must divide the order 
of the group, which is nt=o (^^ — 3') = 48. Based on these order constraints, for {[/3], B) to have order 80, we 
see that [p\ must have order 5 and B must have order 16. Using the computer algebra system Magma, we may 
check the order of each of the 48 elements of GL2(F3), and we find that there is no element of order 16. Thus, 
(Fgj^/Fg) X GL2(F3) has no element of order 80, and so it cannot be isomorphic to (Fgj^ x GL2(F3))/iV since 
isomorphic groups have the same number of elements of a given order. 

More generally, we are interested in the collection of semi- linear rank-metric equivalence maps and their group 
structure. These maps were previously investigated in 1*21, and their structure was characterized: 

Proposition III.IO (121). The group of semi-linear rank-metric-equivalence maps on FL„ satisfies 

SLEquivRM{^[,„) = LEqmvuM{¥'q..) x Gal{¥q../¥p). 
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C. Matrix Code Equivalence Maps 

In analogy with the notion of block-equivalence and rank-metric-equivalence, we now define equivalence for 
matrix codes. 



Definition III.ll. An invertible map / : F'^™ — > F'^™ is a linear matrix-equivalence map if / is F^-linear and 
preserves rank weight. The collection of linear matrix-equivalence maps is denoted by LEquivM-dii^l^^") ■ Similarly, 
an invertible map / : F'^™ — s- F'^™ is a semi-linear matrix-equivalence map if / is F^ -semi-linear and preserves 
rank weight. The collection of semi-linear rank-metric-equivalence maps is denoted by S LEquivMatC^i^'"^) ■ Two 
matrix codes C,C C. F'^™ are (semi-)linearly matrix-equivalent if there exists a (semi-)linear matrix-equivalence 
map / such that C = /(C). 

Remark III. 12. A rank-metric-equivalence map must be (semi-)linear with respect to the field over which the code 
is defined, namely the field Fg™ , while matrix-equivalence maps are only required to be (semi-)linear with respect 
to the field F,, even though a common construction for matrix codes is the expansion of rank-metric codes that are 
linear over Fgm . 

Remark III. 13. Since the composition of two linear rank weight-preserving maps is also a linear rank weight- 
preserving map, the collection of linear equivalence maps forms a group under composition. An analogous statement 
holds in the semi-linear case. 

To describe the collections of linear and semi-linear matrix-equivalence maps, we must first determine which 
maps preserve rank weight. Proposition IIII. 15l below does precisely this for the case of linear maps. To simplify 
the proof of this proposition, we begin with a lemma. 

Lemma III. 14. Let e-"^ denote the i''' standard basis vector q/F" For any x G F' and y e F™ with x, y 7^ 0, if 

xV)=l, 



rankfef^^el") ' -^^ 



then X = Ae^ or y ^ Xe "^ for some A G F* 



Proof. Observe that 



(i)T (m) , T 

e,- e' ' + X y 



a;iy 



+ Xiy 



xiy 



Suppose first that xi = 0, so that the i* row of e- e^" + x^y is just e™' . Since x / by hypothesis, there 
exists some r ^ i such that x,. ^ 0, and so the r* row of e^- ' e^" + x^y is a:,.y ^ 0. Thus, the rank 1 matrix 
e,- ' ef''' + x^y has at least two non-zero rows, and there exists some A^ 7^ such that 



XrY = Xrfij 



(m) 



(m) 



Thus, y = ^e)'"', i.e y = Ae ■'"' with A = ^ e F* 
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Now assume Xi ^ and y 7^ Ae^™^ for any A G F* Then e"^' + x^y ^ 0, and so all other rows of 
e, e"^ + x^y must be scalar multiples of e^™ + Xiy. In particular, for each 1 < r < I with r =^ i, there exists 
some \r G F^ such that 

XrY = K [e^j + x^yj , 

and so {x,. — \rXi)y = Xr-ey' . Since we assumed y ^ \e"^ for any A G F* this equality can only hold if 
Aj. = 0, which implies that x^ = for all r ^ i. Hence, x = Ae^ for some A G F* 

D 

Proposition III.15. Let f : F'^™ — > F'^™ be an invertible linear rank-preserving map. Then there exist L G 
GL;(Fg) and M G GLm(Fq) such that either 

f{A) = LAM for all A G F^^" or 
f{A) = LA^M for all A G F^^", 

where the latter case can only occur if I = m. 

Proof. Without loss of generality, we may assume I < m; \f I > m wt can apply the transpose, which is a rank- 
preserving map, and fall into the other case. Let / : F'^™ — > F'^™ be an invertible, linear, rank-preserving map, 
and let Eij = e- ' ey^' denote the I x m matrix of zeros with a 1 in the (i, j)* entry. Since Eij has rank 1 and / 
is rank-preserving, f(Eij) must also have rank 1. Hence, f{Eij) — x^y for some x G F' , y G F™. For 1 < i < I, 

let X, G F^, y, G F^ be such that f{Eu) - x^y,. 



Set X := 
for 1 < i < I, and so 



G F'^'. We claim that X G GLi{¥g). For any v G ¥"\ Aj(v) := y^v^ is an Fg-scalar 



span{x7 \l<i<l} D I ^ xTa,(v) I v G F™ | = | ^ ^I{y^^^) I v G F^ | 

= H E /(^^O) v^ I V e F™ I = {/([/, I 0])v^ I V G F™} . 

Since / is rank-preserving and each /([/; | 0])v^ is a linear combination of the columns of /([/; | 0]), we have 

dimspan{/([/i | 0])vT | v G F™} = dim colspan (/([/, | 0])) = rank/([/, | 0]) = I. 

Thus, since span{x^ | 1 < « < =^ span{/([/; | 0])v^ | v G F™} and dimspanjxi | 1 < « < /} = 
dimspan{x^ | 1 <«</}, we have 

dimspaii{x, | 1 < i < /} > dimspan{/([/; | 0])v^ | v G F'^"} = /. 

Hence {x^ | 1 < i < /} is a linearly independent set, and so X G GL;(Fq). 

Since /' : F™^' -^ ^mxi (jeflned by f'{A) = (f{A^)) is also a rank-preserving map, and /'{En) ~ yj^i, 
we may apply a similar argument to /' to show that {y^ | 1 < i < 1} is also a linearly independent set. Thus, if 
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I = m, then {y^ | 1 < i < 1} forms a basis for F™; if Z < m we arbitrarily extend {y,; | 1 < i < /} with vectors 



■ g 

yi 



yi+i . ■ . Ym to form a basis for F™, so that the matrix Y 



is in GL„(Fg) 



By the definition of X and Y, we see that /{En) = xjyi = XEuY for each 1 < i < I. Since the map 
/ : F'^™ — > F'^™ defined by f{A) = X^^/(A)y^^ is also an invertible, linear, rank-preserving map and 
f{Eii) = X^^{XEiiY)Y^^ = Eii, we may assume, by replacing / by / if necessary, that the invertible, linear, 
rank-preserving map / fixes each En. 

Since the map / is completely determined by its action on {Eij \ 1 < i < I, I < j < rn}, all that remains is 
to understand f{Eij) for all i ^ j. First we will consider 1 < i,j < I with i ^ j. Recall from above, that for 
each i and j, there exist x G F' and y G F™ such that f{Eij) = x^y. Since / is linear and rank-preserving and 
f{Eii) = Eii, we have that 

fiEu + E,j) = Eu + f{E,j) = ef '^e'") + x^y 

must have rank 1. Thus, by Lemma 1111.141 x = Ae,- ^ or y = Aef"^ for some A G F*. Similarly, since f{Ejj +Eij) 
has rank 1, we also have that x = \'e- or y = A'e^" for some A' G F* Hence for I < i,j < I with i =/= j, we 
have 

f{E,,) = AA'ef^^eJ") = X,,E,, or f{E,,) = AA'ef ^e|™^ = K.E^, 

where A^ = AA'. 

For I < i,j < I with i ^ j, we will say that / is ij -preserving if f{Eij) — XijEij; otherwise, f{Eij) — XijEji 
and we will say / is ij-transposing. Since / is also either ifc-preserving or i/c-transposing for each 1 < fc < Z, we 
see that if / is ij-preserving then 

fiw -UP ^ - J ■^'i^^^^^^T^ + ^^kef^e^r^ if / is i/c-preserving 
I Xijey Bj ' + Xike].' e,- if / is i/c-transposing 

and so since Eij + Eik has rank 1 and / is rank-preserving we see from Lemma UlI. 141 that f{Eik) must equal 
Xike- Gj," , and so / must be ifc-preserving. Applying a similar argument when / is ij-transposing yields that 
/ is ij-preserving if and only if / is z/c -preserving. Similarly, / is ij-preserving if and only if / is /cj-preserving. 
Thus, either f{Eij) — XijEij for all 1 < i,j < I, or f{Eij) = KjEji for all 1 < i,j < I, i.e. / is either 
leading-submatrix preserving or leading- submatrix transposing. 

Now we consider I + 1 <k <m. Fix i with \ < i <l. Applying the same argument as above to /(£"« + Eik), 
we have that f{Eik) = WjTzfc and w^ = Ae^ or z^ = Ae,-" . For each 1 < j < I, 

Xije] e™' + Wjl^Zfc, if / is leading-submatrix preserving 
f{Eij + E^k) = { ,^ . 

Xije^- ■^ e^ ^ + Wjl Zfe, if / is leading-submatrix transposing 



and so by Lemma IIII.14I 



,W ^. , - \'„(™) 



Wfc = A'e^ or Zfe = A'e^- , if / is leading-submatrix preserving 



Wfe = X'e, or Zfe = A'e,-™ , if / is leading-submatrix transposing. 
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Combining this with the previous constraints on w^ and z^, we see that for I + I < k < m 

AifeGj Zfe, if / is leading-submatrix preserving 
f{Eik) = { , , 

•^ifcw^ej-™ , if / is leading-submatrix transposing 



for some Xik E ¥*. For 1 < k < I, define w^ := x^ and z^ := y^, and by our earher argument with X := [x^ ■ • • x,^] 
and Y := , we may assume x^ = e^, and y^ = ej^™ . Since / is Hnear and invertible, 

— dinispan{_Eife | 1 < fc < m} — dimspan{/(ii'ifc) | 1 < fc < m} 

dimspan{ej- ' z^ | 1 < fc < m}, if / is leading-submatrix preserving 
imspan{w^ej | 1 < fc < m}, if / is leading-submatrix transposing 

dimspan{zfc | 1 < fc < m}, if / is leading-submatrix preserving 
dimspan{wfe | 1 < fc < m}, if / is leading-submatrix transposing, 

where the final equality holds because, for a fixed i, both the maps e^ ^ Zfe ^^ Zfe and wje^^' i-> Wfe are linear 
bijections. Since Wfe G F' dimspanjwfe | 1 < fc < m} < /. Thus, if I < m, we cannot have dimspan{wfe | 1 < 
fc < m} — m, and so / cannot be leading-submatrix transposing. Thus, if I < m, then / is leading-submatrix 
preserving and, since m = dimspan{zfe | 1 < fc < m}, we have that {z^ | 1 < fc < m} is a linearly independent 



set. Thus, the matrix Z :— 



is in GL„i(Fq 



Ifl<m, then for 1 < i < / and 1 < fc < m, f{E,k) = Aj^ef ^^zj.. Since the map / : Fj^^" -^ F^^™ defined by 
f{A) = f{A)Z^^ is also an invertible, linear, rank-preserving map and f{Eik) — A^j-e^ ' z^ = (Aife_E,jfeZ)Z^^ = 
XikEik, we may assume, by replacing / by / if necessary, that if I < m, then the invertible, linear, rank-preserving 
map / satisfies f{Eik) = XikEik for !<«</, l<fc<m. Recall that if I = m, then for 1 < i,j < I, we have 
f{Eij) — XijEij or ,f{Eij) = XijEji. Thus, in either case, all that remains to understand / is to determine the 
values of A^ for 1 < i < I and 1 < j < m. 

We now show that without loss of generality, we may assume that A^ = 1 for all 1 < i < / and 1 < j < m. For 
ease of notation, we will only consider the case when / is leading-submatrix preserving, but a similar argument holds 
when / is leading-submatrix transposing. Under the assumption that / is leading-submatrix preserving, f{Eij) ~ 
XijEij fov 1 < i < I, 1 < j < m, and so / feLi Ejli ^v) = ^ where A = [Xij]. Let A^ = (A^, Ai2, • ■ • , A^^) 
denote the i* row of A. Since J2i=i STli Eij has rank 1 and / is rank-preserving, A must have rank 1. Recall that 
by hypothesis, /{En) — En, and so Xn = 1 for 1 < i < I, and in particular. An — 1, and so Ai is non-zero. Thus, 
since A has rank 1, there exists some ai e ¥q such that A^ = aiXi for each 1 < i < I. Using the fact that Xjj = 1, 
we see that each aj ^ and Aij = a^^ . Hence, for I < i,j < I, Xij = aiXij = aiaj^. For / + 1 < fc < to, set 
Pk — Aife. Then since A has rank 1 and since the first column of A is {l,a2, . . . , cti)^ , we have that Xik = caPk- 

Let Di = diag(l,a2,...,aO G GL;(Fq) and let D2 = diag(l,Q:2"\ . . . ,a;"\^;+i, . . . ,/3„) e GL„(F,). Then 
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for 1 < i < I and 1 < j < m, since 

{a^aJ^Eij, if 1 < j < I 
a-iPjEij, if I + 1 < j < m 

we have f{Eij) = DiE,jD2. Since the map / : FJ,^" -^ FJ,^" defined by f{A) = D^^f{A)D2^ is also an 
invertible, linear, rank-preserving map and f{Eij) = D^^{DiEijD2)D2^ = Eij, we may assume, by replacing 
/ by / if necessary, that the invertible, hnear, rank-preserving map / fixes each Eij, and so each Xij = 1 for 
1 <i<l,l<j <m. 

Finally, since the images of Eij, 1 < i,j < I completely determine /, we have (under the assumption that 
f{E^j) = E.,j or if / = TO, possibly f{E^j) = E^^) that either f{A) == A for all A e FJ,^'" or f{A) = A^ for all 
A G F'^™, where the second case can only occur if / = to,. Let L — DiX and M — YZD2 where X, Y, Z, Di, 
and D2 are the matrices defined above that enabled the assumption f{Eij) — Eij or f{Eij) = Eji. Then we see 
every invertible, linear, rank-preserving map / is either of the form f{A) = LAM for every A e F'^'" or of the 
form f{A) — LA^ M for every A e F'^™, again where the second case can only occur if I — m. D 

From Proposition IIII. 151 we see that the collection of linear matrix-equivalence maps consists of only those maps 
that are a composition of multiplication on the left or right by invertible matrices and, when the matrix codewords 
are square, matrix transposition. To determine the group structure of this collection, we must recast these maps so 
that they live within some common group. Since they are all linear maps acting on objects with / x to, entries, 
we may switch to viewing these maps as elements of GLimi^q) acting on extended row vectors of length Im 
instead of on ^ x m matrices, where these vectors are formed simply by concatenating the I rows of the matrix. 
We will denote the collection of matrix equivalence maps acting on extended row vectors by LEquivyecO^]?^™). 
As a subgroup of GL/m(Fg), it is relatively straight forward to show that LEquivyed^l?^"'') has the structure 
of a semi-direct product of the subgroup generated by the map of order two for matrix transposition and the 
subgroup generated by matrices of the form L®M where L G GL/(Fq), M E GL,„(Fg) and where (g) denotes the 
Kronecker product. Additionally, since A/; (g) A~^/m — Ii (g) /,„ = /;,„ for any A e F* we see that the subgroup 
generated by matrices of the form L (g) AI is isomorphic to GL/(Fg) x GL/(Fg) modded out by the subgroup 
generated by A// (E) A^^/,„. As a consequence of this result and the fact that there is a natural isomorphism between 
i£'giiiwvec(IFi^™) and LEquivM^i^i^"^), we have the following proposition; for details of this proof, we refer the 
reader to the commentary after Proposition 3.2.17 through Corollary 3.2.22 in ifTTl . 

Proposition III.16. There is an isomorphism of groups 

{ Z2 K (GL((F„) X GL,(F„)) IN if I = m 
[ (GLKF,) X GL„(F,)) /iV if I ^ m 

where N = {(A/,, A-i/„) | A e F;} < GL^F,) x GL„(F,). 

Remark III. 17. Again, we see each linear matrix equivalence map corresponds to a coset of the form (L, M) ■ N 
for some L G Ghi{¥q) and M G GL„i(Fg). For ease of notation, we will henceforth write [L,M] to denote the 
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coset {L, M) ■ N as before. 

Proposition III.18. The group S LEquivMati^l,^"^) of semi-linear matrix-equivalence maps is given by 

SLEqUlVMa,{^\^n = LEqUlVMa.iW'q^"") X GflZ(F,/Fp). 

Proof. Let 7 G Gal(Fq/Fp) and X, F e jjr'xm ^jj-j^ xi, . . . , x; denoting the rows of X and yi, . . . , y; denoting 
the rows of Y . Then 

dR{X\Y^) 



= iank{X^ - y) 








= dimp, (^spanj. Jx7 ^ 


-y7,-- 


., X; 


-y/}) 


= dimp, (^spanj, Jxi ^ 


-yi,-- 


., X; - 


-y.})^ 


= diniF, ( spanp^^ {xi ^ 


-yi,-- 


•, X; - 


-yi}) 


= rank(X - F) 








= dR{X,Y) 









where the fourth equahty holds because 7 corresponds to a vector space automorphism of F™, and so 
it will map subspaces to other subspaces of the same dimension. Thus, each automorphism is a rank 
weight presei-ving map, and so {(/(;7) | 7 £ Gal(F,/Fp)} C 5i£'guiwMat(F^^™). By Proposition IIII.16I 
{{A]id)\A e LEquivu■^,^{W\^■'^)} C S'L^qmuMat(Fj,''™) as well, and so 

LEqmvuA^\^n >^ Gal(F,/Fj,) C SLEquiVM^.i^'^"')- 

To show reverse containment, let (A; 7) be an arbitrary element of SLEquivMat{Vl,^™). By the argument 
above (/;;7^^) G SLEquivu-ni^q'^^"'), and since SLEquivMati^l^"^) is a group under composition, we 
have that (yl;7)(/;;7^^) — {A;id) is a semi-linear matrix equivalence map as well. But {A;id) is in fact 
a linear map, and so it must be a linear matrix equivalence map. Thus, A e LEquivMati^q'^'"''), '^^'^ so 
{A; 7) e LEqmvu-A^'''"') >" Gal(F,„VFp). D 

D. Relationship between Rank-Metric and Matrix Code 
Equivalence Maps 

Recall from Section |ll] that to each rank-metric code we may associate an matrix code via the map Cb for matrix 
expansion with respect to an ordered basis, and to each matrix code we may associate a rank-metric code via the 
map e^ for matrix compression. This association provides a natural framework for comparing rank-metric and 
matrix code equivalence to determine if, for example, there are codes that would be viewed as equivalent in one 
setting while being viewed as inequivalent in the other. 

In Theorem IIII.21I we will show that the notion of linear matrix-equivalence is strictly more general than the 
notion of linear rank-metric-equivalence. Specifically, we will show that whenever two rank-metric codes are linearly 
rank-metric equivalent, their matrix expansions are always linearly matrix equivalent, but the converse is only true 
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under certain conditions. In Theorem |III.24| below. we show a similar result for semi-linear rank-metric- and matrix- 
equivalence. First we need a lemma characterizing the matrix representations of the Fg-linear transformations for 
multiplication by q e F,™ and for q-exponentiation, as well as a lemma characterizing how the map eb interacts 
with matrix multiplication and with Gal(Fg/Fp). 

Lemma III.19. Let b = (61, . . . , 6m) be an ordered basis for Fgm over ¥q. Then for any x e F' m and any a G F* 
we have 

eb(ax) = eb(x)Ma and eb(x«) = eb(x)(5, 

where M^ = eb(ab) and Q = eb(b*). In other words, M^ is the matrix for the ¥q-linear transformation of 
multiplication by a and Q is the matrix for the ¥q-linear transformation of exponentiation by q. 

Proof For any X e Fj,^™, we have e^^^X) = {X{bi, . . . ,bmVy = (5i, . . . , 6,„)X^ from Definition UlTII 
Hence, for x G F' „ with eb(x) — [xij], 

e^' (eb(x)A/„) = (&i,...,6,„)(eb(x)M„)^ 
= ih,..., bm)M2eb{x.y 
= (a5i,...,a6„i)eb(x)^ 

m m 

^xijabj,...,^xijabj 

(m m 

= ax, 

where the third equality holds because the rows of Ma are the images of the basis elements under multiplication 
by a. Applying eb to both sides of the equation yields the first result. Since the rows of Q are the images of the 
basis elements under (/-exponentiation, a similar argument yields the second result. D 

Lemma III.20. Let h = (6i,...,&,„) C F^m be an ordered basis for ¥qm over ¥q. Let ap be the Frobenius 
automorphism, and let 1 < r < e — 1. Then for any x £ FL„ 

eb(xL) = L^eb(x) and eb (x"p) = (eb(x)P,)'^p, 

where L £ GL;(Fg) and Pr = (eb(b°"p 

Proof. Using Definition III. 121 we have 

ebHL^eb(x)) = (&i,...,6„)(eb(x))Ti 
= e^\eb(x))L 
= xi. 
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Applying eb to both sides of the previous equation, we obtain the desired first resuh. 
Again from Definition III. 121 we see 

= (6f,...,6f:)(x'^;;)^ 

^ m 



We obtain the second result by applying e^ to both sides of the equation above. D 

Theorem III.21. Let C\,C2 ^ F'™ be rank-metric codes. If Ci and C2 are linearly rank-metric equivalent, then 
^h{Ci) and eb(C2) are linearly matrix equivalent for any basis b q/F^m over ¥q. 

Conversely, for a fixed basis b of¥qm over ¥q, if e\y{Ci) and e\^{C2) are linearly matrix equivalent, then Ci 
and C2 are linearly rank-metric equivalent if and only if there exists a map g G LEquivMati^i^"^) that satisfies 
g{eb{Ci)) = eb(C'2) <^nd has the form 

g{A) = LAM a for all A e F^^™ 

for some L G GL;(Fq) and some Ma as in Lemma [IIL 1 9\ 

Remark 111.22. Note that in the second portion of the statement, we only assert that there exists a g G 
LEquivMaii^^g^"^) of the specified form, but we do not assert that every linear matrix equivalence map sending 
^h{Ci) to eb(C'2) will have that form. The reason for this distinction is that given the map g from the statement, 
one can compose it with any linear matrix equivalence map fixing eb(C'i) and that composition will map eb(Ci) 
to eb(C'2); however, not every equivalence map that fixes eb(Ci) will have the form specified in the statement, and 
so the composition need not have the desired form. 

Proof. Let Ci, C2 C F'™ be linearly rank-metric equivalent codes and fix / G LEquivj^Mi^i'y^ ) with /(Ci) = C2. 
By Proposition IIII.7I / has a representative in (F*™ x GL;(Fg)) /N of the form [a,L] for some a G F*m and 
L G GL/(Fq), where N = {(A, X'^Ii) \ A G F*}. Hence, C2 = aCiL := {axL \ x G Ci}. Let b be an arbitrary 
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ordered basis for Fqm over ¥q. Then 

eb(C2) = eb(aCiL) 

= eb(CiL)M„ by Lemma |IIlT91 
= L^eb{Ci)Ma by Lemma|IlL20l 

Define the map g : Fj,^™ ^ F^^™ by ^(yl) = L^AM„ for all A e F^^". Since L^ (= GL,(FJ and M^ e 
GL„(F^), we have g e LEquivM^ii^^^™) by Proposition IIII. 151 and g(eb(Ci)) = eb(C2). Hence eb(Ci) and 
eb(C'2) are linearly matrix equivalent for any basis b of F^m over F^, and so the first result holds. 

Now assume that et,{Ci) and eb(C2) are linearly matrix equivalent where b is some fixed basis for Fg^ over 
Fg. If, in addition, Cx and C2 are linearly rank-metric equivalent, then there exists some / G LEqu^v^yl{¥^„^) 
with /(Ci) = C2. As above, / has a representative in (F*„ x GLj(Fq)) /N of the form [a, L] for some a e F*™ 
and L G GL;(Fg), and so by the same logic as above 

eb(C2) = L^eb(Ci)Af„. 

Define g : F^^™ -^ F^^™ by g{A) = L^ AM^, for all A e F|,^'". Then g e LEquivu-A^g''"') and g satisfies the 
conditions of the statement of the theorem, and so the result holds. 

Conversely, suppose that there exists some g G LEquivM-iti^l^^"') with g(eb(Ci)) = eb(C2) such that g has the 
form g{A) = LAM^ for all A G F^^™ for some L G GL;(Fg) and a G F^^. Then 

C2 = eb'(fb(C2)) 

= e^\g{eUCx))) 

= eb'(Leb(Ci)Af„) 

= eb'(fb(aCiiT)) 

Define / : Fj^„. -^ F^,„ by /(x) = axL^ for all x G F|^„.. Then / G LEquivj^uiVg^) by Proposition UlLTl and 
/(Ci) = C2. Hence Ci and C2 are linearly rank-metric equivalent, and so the second result holds. 

D 

In Theorem lIII.24l below. we prove a similar result for semi-linear rank-metric and matrix equivalence, but first we 
need a lemma characterizing the subgroup formed by the matrices for the Fq-linear transformations of F,™ -scalar 
multiplication and g-exponentiation. 

Lemma III.23. Let h = (bi, . . . , &,„) be an ordered basis for Fg>n over Fg. Let a be a primitive element for Fgm 
and let Ma and Q be as in Lemma \in.l9\ Define the subset K C GL,„(Fg) by K ~ (Ma) ■ (Q). Then K is a 
subgroup q/GLm(Fg) with K = {Ma) x (Q) and \K\ = m{q"^ - 1). 
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Proof. First we show MaQ = QM^. Let X e GL„i(F(j) and set x = e^^{X). Repeated application of Lemma 
lilLigl yields 

XM^Q = eb(x)Af„Q 

= eb(ax)(3 

= eb((axr) 

= eb(a«x?) 

= Eb (x«) M„, 

Multiplying both sides of the equation by X^^ yields the desired result. 

Hence (Q) is contained in the normalizer of (Ma), and so X is a subgroup of GL„i(Fg) with 

|(M„)||(Q)| 

' ' KMa>n(Q)r 

Since eb(ax)(5* = eb(a'^ x^ ) ^ eb(ax'' ), each Q* corresponds to a map on FL„ that is merely Fgm-semi- 
linear, while each M^ corresponds to an i^^in-linear map, and so we have that (Ma) n (Q) = {/,„}. Thus, 
\K\ = m{q"'' — 1). Furthermore, since (Ma) and (Q) have trivial intersection, we see that K is an internal 
semi-direct product (Ma) x (Q) with multipUcation defined by 

D 

Theorem III.24. Let Ci , C2 C F' m fee rank-metric codes. If Ci and C2 are semi-linearly rank-metric equivalent, 
then eb{Ci) and eb(C2) are semi-linearly matrix equivalent for any basis b ofVqm over ¥q. 

Conversely, for a fixed basis b of¥qm over ¥q, if eh{C'i) and eb(C2) are semi-linearly matrix equivalent, then 
Ci and C2 are semi-linearly rank-metric equivalent if and only if there exists a map g G S LEquivMaii^l^"^) that 
satisfies g{eh{Ci)) = eb(C2) and has the form 

g{A) = {LAMPrfp for all A e F^^™ 

for some L G GL/(Fg), M G K, and 1 < r < e, where P^ and ap are as in Lemma \UL20\ and K is as in Lemma 
WL23\ 

Proof. Let Ci,C2 C F'„i be semi-linearly rank-metric equivalent codes. Then there exists some / G 
SLEquivT^M{V\^) with /(Ci) = C2. By Proposition Hinol / has a representative in ((F*,„ x GL;(Fq)) /N) x 

Gal(Fq™/Fp) of the form ([a,i];7) for some a G F*„, L G GL;(Fg), and 7 G Gal(Fgn./Fp), where 
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N = {(A, X-^Ii) I A e F;}, and we have C2 ^ [aCiLy := {(axL)^ | x e Ci}. Since Gal(F5.^/Fp) = 
{Cp \ 1 < i < me}, there exists some 1 < i < me such that 7 = (7*; write i — ej + r with < r < e — 1, so that 

Let b be an arbitrary basis for F^™ over ¥q. Then 

eb(C2) = eb((«CiL)^) 

= ('eb((aCii)'"^)P'')'''' bv Lemma mnol 

= (eb(aCiL)g^P'')''^ bv Lemma UlUgl 

= {eb{CiL)MaQ^ P'')"^' bv Lemma IIILT91 

= {L^eb{Ci)Mc,Q^P''y'' bv Lemma 1111201 

Define 5 : Fj,^™ ^ F^^™ by g{A) = (L'^ AMaQ^ PrT^ for all A e Fj,^". Since L^ e GL((Fg), 
MaQ^Pr e GL,„(F,), and a'^ e Gal(Fg/Fp), we have that g G SLEqmvM^i{¥[''"') by Propostion |IlLl8l Thus, 
5 is a semi-linear matrix equivalence map and g{eb{Ci)) = eb(C'2)- Hence eb(C'i) and eb(C2) are semi-linearly 
matrix equivalent for any basis b of F^m over F^, and so the first result holds. 

Now assume that eb(Ci) and eb(C2) are semi-linearly matrix equivalent where b is some fixed basis for ¥qm over 
¥q. If, in addition, Ci and C2 are semi-linearly rank-metric equivalent, then there exists some / G S LEquiv j^^i^i^^ ) 
with /(Ci) = C2. As above, / has a representative in ((F*„ x GL;(Fg)) /N) xGal(F,n./Fp) of the form {[a, L]; 7) 
for some a G F*™, L G GL((Fq), and 7 ~ '^i'^p £ G?i\{¥qm /¥p), and so by the same reasoning as above 

eb(C2) - (L^eb(Ci)M„g^P'-)"^ . 

Define g : F^^™ -^ Fj,^™ by g{A) ^ {L^ AA^Q^ Pr^p for all A G Fj,^™. Then g G SLEquivM^,(¥'q''"'). Since 
{AlaQ^ Pr)P,7^ = MaQ^ G K, g satisfies the conditions of the statement of the theorem, and so the result holds. 
Conversely, suppose that there exists some g G LEquivua.t{¥^q'^"'') with g{e\,{Ci)) = eb(C2) such that g has the 
form g{A) = {LAMPrfp for all A G FJ,^'" for some L G GL;(F,), Af G iC, and 1 < r < e. Since M (^ K and 
iiT = {Ma) XI (Q), we can write M = AP^Q^ for some 1 < i < q™ — 1 and 1 < j < m, and we have 

eb(C2) = ff(eb(Ci)) 

= {Leb{C^)MPrYl 

= {Leb{Ci)Ml^Q^ PrYl 

= {eb{a'CiL^)Q^PrYp 

= eb{{a'C^L'^r'^)Prrl 

= eb ((a^CiiT)-^-p) 

- eb (KCii^rp'^"^) . 
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Define / : ¥[,„ -^ ¥[„. by /(x) = (a'xL'^yp*'' for all x e ¥\,„. Then / e 5L-B(Jwwrm(F^„) by Proposition 
nil. 101 and, applying e^^ to both sides of the previous equality, we see /(Ci) = C2. Hence Ci and C2 are semi- 
linearly rank-metric equivalent, and so the second result holds. 

D 

IV. Automorphism Groups of Rank-Metric and Matrix Codes 

With the notion of rank-metric- and matrix-equivalence maps in place, we now examine the collection of such 
maps that leave a given code fixed. This collection forms a group, known as the automorphism group of the code, 
which is valuable for the enumeration of inequivalent codes. 

Definition IV.l. The linear rank-metric-automorphism group of a rank-metric code C C F' „, is the set of linear 
rank-metric-equivalence maps / S ii?guiwRM(F^m) such that /(C) = C; this group is denoted LAut^yi[C). 
Similarly, the semi-linear rank-metric-automorphism group of a rank-metric code C C F' m is the set of semi-linear 
rank-metric-equivalence maps / £ SLEquivY!M{^\rn) such that /(C) — C; this group is denoted SLAut^TsA{C). 

The linear matrix-automorphism group of a matrix code C C F'^'" is the set of linear matrix-equivalence 
maps / G LEquivM^i^i^"^) such that /(C) = C; this group is denoted LAutu^iC). Similarly, the semi-linear 
matrix-automorphism group of a matrix code C C F''^™ is the set of semi-linear matrix-equivalence maps / £ 
5L£'guiwMat(lFg^™) such that /(C) = C; this group is denoted SLAutMatiC). 

A. Rank-Metric Automorphism Groups of Gabidulin Codes 

In this section, we will examine the linear rank-metric automorphism groups of Gabidulin codes when they are 
viewed as rank-metric codes; in the next section we will characterize the linear matrix-automorphism group of these 
codes when they are viewed as matrix codes via the map eb. We focus on these codes specifically because they 
are the most well-known construction of rank-metric codes, and thus also the most widely used. 

Before developing the theory of automorphism groups of Gabidulin codes, we first review two results from l|2]. 
The first result characterizes precisely when two Gabidulin vectors g and g' determine the same Gabidulin code. 

Theorem IV.2 ([2|, Theorem 2). Let g,g' e F'™ be Gabidulin vectors. For any k with 1 < k < I < m, the 
Gabidulin codes Ck.g^q"^, Ck,g',q"^ ^ F'™ are equal if and only if there exists a scalar a £ F*™ such that g' — ag. 

The next lemma characterizes the effect of right multiplication by a non-singular matrix on a Gabidulin code, 
which will be useful in the sequel. 

Lemma IV.S (Lemma 3 in [2]). Let f = [1,L] £ LEquivRMi^q^), and fix k with 1 < k < I < rn. For any 
Gabidulin vector g £ F'™ with corresponding Gabidulin code Ck,g,q"^, we have f{Ck.g,q^) — Ck,gL,q"^- 

In Theorem IIV.4I we precisely characterize the linear rank-metric equivalence maps that fix a Gabidulin code, 
in other words, we give a complete characterization of the linear rank-metric automorphism group of a Gabidulin 
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code. Specifically, we show that the only linear rank-metric equivalence maps that fix a code are those of the form 
[a, Mjj] where a e F*,„ and the matrix Mfj G GL;(Fg) is such that g ■ Mp ~ (3g, in other words the matrices that 
fix the code must produce the effect of scalar multiplication on the defining Gabidulin vector g. 

Theorem IV.4. Let 1 < k < I < m. Let g £ F' „, be a Gabidulin vector with corresponding Gabidulin code 
Ck,g.q'^- Let d be the largest integer such that W := spanp {gi, . . . , gi} is a vector space over ¥gd C F^™. Then 

1) d divides gcd(/, m). 

2) LAui«M(Cfc,g,,™) = {[a,Mp] |aeF;,„, /3eF*,}, 

eg(/3si) 

where Mp = (eg (^g))^ := : 

Proof. We will prove part 2 by double-containment; part 1 will fall out of the proof of 2 along the way. 

(C) Let / = [a,L\ e iAuiRM(Cfc,g,gm). Using the fact that Ck,g,q"^ is Fgn,-linear together with Lemma lTV.SI we 

have: 

^k,g,q"^ = / (Gfe.g^gm) = (aCfe^g.gmj-L = Cyk,g,q"^L = C^k,gL,q"' ■ 

Thus, by Theorem II V. 21 there exists some /3 e F*,„ such that gL = (3g. 

Let W be as in the statement of the theorem. Since each entry of gL = /3g is a linear combination of gi, ... ,gi, 
each entry of gL — (3g lies in W, i.e. figi G W for 1 < i < ^ For any w G W, there exist scalars bi, . . . ,bi C F^ 
such that w — J2i=i ^i9i- Observe jiw = (3 X]i=i ^i9i — Tlii=i biil^gi), which is an element of W since /3gi e W 
for I < i < I, and so W is closed under scalar multiplication by /?. Repeating this argument, we have that W is 
closed under scalar multiplication by all positive powers of (3. Hence Ty is a vector space over ¥q{f3). 

As in the statement of the theorem, let F^d be the largest subfield of F^m over which W^ is a vector space. Then 

I = dimp, W = (dimp, ¥gd){dimw^^ W) = d{dimw^^ W), 

and so d divides Z. But also since Fq C W^d C Fgi^, we have that ddivides ?7i. Hence ddivides gcd(Z,?7i), proving part 
1 of the theorem. Let Mp be as in the statement. Then gMp — /3g since j3g = eg ^(eg(/3g)) = geg(/3g)^ = gMp 
by the definition of eg and eg ^. Thus, since f3g = gL, we have that L = Mp, and so / has the desired form. 
(3) Let / = [a, Mfj] for some a G F*,„ and j3 G F*^, where Mp and d are as in the statement of the theorem. 
Since / (Cfc^g^^™) = {aCk^s,q^) Mp = Ck,s,q^"Mi3, we must show that Ck,g„q^ = Ck,^^q^MiJ. 

Let W be as in the statement of the theorem. By hypothesis, 14^ is a vector space over F^d, and so it is closed 
under multipUcation by /3 G F*^. By the definition of eg^, we have /3g = e^ ^(eg(/3g)) = geg(/3g)^ = gMp, and 
so gMfj — /3g. Thus, we have 

/(Cfc,g,,"0 = (aCfc,g,,™)M^ 

= Ck.g,q"^Mp since Ck.g,q'^ is Fg.™ -linear 

= Ck,gMf:,q"- by Lemma \IVM 

= Ck,i3g,q^r. since gMp = ^g 

= Ck.g,q^ by Theorem I/V.2I 
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Thus, f{Ck,^^qr^) = Cfc^g,^™, and so / e LAu<RM(Cfc,g^,™). D 

This type of characterization of the linear rank-metric automorphism group of GabiduHn codes was previously 
attempted in 0. There, Berger claimed to show that the only rank-metric equivalence maps that fix a Gabidulin 
code have the form / = [a, L] where a E F*,„ and L is a scalar matrix over ¥g [||2l. Theorem 3]. However, we have 
found a flaw in his proof and as Theorem |IV.4| illustrates. there are significantly more matrices that will fix the code. 
Specifically, there are a number of other matrices that accomplish scalar multiplication on the Gabidulin vector g 
that defines the code beyond simply the scalar matrices. The following example gives a sample of the additional 
types of matrices that are present in the linear automorphism group of a Gabidulin code, thereby illustrating the 
main result of Theorem IIV.4I and highlighting its differences from [||2l. Theorem 3]. 

Example IV.5. Write Fig = F2[w] where a; is a root of the primitive polynomial p{t) = 1 + t + t^, and fix the 
ordered basis b = {1,uj,ll!^,uj^) for Fig as an F2-vector space. Let C be the rank-metric code generated by the 
single vector g = (1, uj^), i.e. 

C = rowspanp^^g = {w'(l, u;^) \ < i < U} U {(0, 0)} 

Since the entries of g are linearly independent over F2, we have that C is a 1 -dimensional Gabidulin code. Since 
cj^ has order 3 in FJg, lj^ is a primitive element for the unique subfield of Fig that is isomorphic to F4. Thus, 
spanp {1, oj^} is a 1-dimensional vector space over F4, and so it is possible to write any F4-scalar multiple of the 
vector g using linear combinations of 1 and cj^; in other words for any /? G F4, there exists a matrix Mp G GL2(F2) 
such that /3g = giV/^. For example, consider /3 = tu^. Then 



Mp 



eg(/3si) 
eg(/392) 



EgC'^")"'^ 



1 

1 1 



Define / = [l,Mp]. Since 1 G ¥Iq and Alp G GL2(F2), / G LEquivRM{¥'-gm) by Proposition |nL3 Note that 
Af^ is not a scalar matrix, and so by Berger's previous assertion [111, Theorem 3], / should not be an automorphism 
of C. However, 

/(C) = rowspanj.^ f (1, w^) ° | 
= rowspanJ.^^((w^ 1+w^)) 



= rowspanJ.^^((w^ 0;^°)) 
= rowspany^g(w'5(l, w^)) 
= C 
Thus, / G LAutj^M{C) even though / is not of the form [a, A//] for any a G ¥1^ and A G Fj. 

B. Matrix Automorphism Groups of Gabidulin Codes 

This section gives a partial characterization of the matrix automorphism group of an expanded Gabidulin code. 
The matrix automorphism group turns out to be much more complicated than the rank-metric automorphism group 
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of a Gabidulin code because matrix equivalence is much more general than rank-metric equivalence, as was shown 
in Theorems IIII.21I and IIII.24I The following examples illustrate some of the key complications that arise in the 
characterization of the matrix automorphism group. 



Recall that a Gabiduhn code C'k,g.q" 



-linear, and so aCk., 



Ck,g,.q'" for any a e F*™. Furthermore, 



in Lemma II V. 31 we saw that Ck,g„q"^L — Ck,g,L,q"^ for any L e GL;(Fq). Thus, the image of Ck,g,q"^ under any 
linear rank-metric equivalence map [a,L] is another Gabidulin code. Example IIV.6I shows that this property need 
not hold for linear matrix equivalence maps acting on expanded Gabidulin codes. 

Example IV.6. Write F64 = F2[w] where cj is a root of the primitive polynomial p{t) = t^ + f^ + t"^ + t + 1. We 
will use a normal basis for F64 over F2 since such a basis interacts well with the structure of a Gabidulin code. 
Although oj is not a normal element, cu^^ is normal, and so we fix the ordered basis b for F64 over F2 as 

b = (c.38, (c.38)2, (c.3«)4, (c.38)8, (^38)16^ (^38)32) ^ {ij^^ , tu'^ , u;^<^ , tu'^ , L0^\ u'^) . 



Let C2,g,64 be the 2-dimensional Gabidulin code generated by g 



(a;^'^,a;'*^,a;^^,a;), and set 



L 



n 


1 


1 








1 

















1 


1 


1 


1 






eGL4(F2), M 



10 10 
110 10 1 

111111 

110 
1110 11 
10 10 



e GL6(F,). 



By Proposition IIII.161 [L,M] G LEquivMaii^i^"^), and so ieb(C2.g,64)-^^ is linearly matrix equivalent to 
eb(C'2.g,64)- When we examine C := e^^^ (ieb(C2,g,64)Af), we find that C is not F64-linear because | spanj.g^{c G 
C}\ — 16777216 > 4096 = \C\. Since every Gabidulin code over F64 is F64-linear, we see that C cannot be 
a Gabidulin code. Thus, eb(C'2,g,64) is linearly matrix equivalent to a code that is not the matrix expansion of a 
Gabidulin code. 

While we cannot guarantee that every linear matrix equivalence will take an expanded Gabidulin code to another 
expanded Gabiduhn code, we can guarantee that any linear matrix equivalence map that corresponds to a rank- 
metric equivalence map, namely any of the maps outlined in Theorem IIII.21I will have this property. Thus, we 
obtain the following result. 

Proposition IV.7. Let 1 < k < I < m and fix an ordered basis b o/Fgm over Fg. Let g £ F' „ be a Gabidulin vector 
and let d be as in TheoremW^ Let / £ LEquivMaA^^^"") be of the form f{A) = LAM^ for all A e F^^™ for 
some L G GL;(Fg) and some M^ as in Lemma \UL19\ Then f G LAutMat{^h{Ck,g^q"i)) if and only if L — e^ (/3g) 
for some j3 G F*^. Hence, 

{(eg (/3g) ,M„) I /3 G F;., a G FJ™} C iAuiM«,(eb(Cfc,g,,™)). 

Proof. By Theorem lIII.211 eb^(/(^b(C'fc.g,g'"))) is rank-metric equivalent to Ck.g^q^; specifically, by Lemmas [ill. 191 
andHlLlOl 

ebH/(eb(Cfe,g,gn.))) = e^^{Leb{Ck,s.q^)Ma) = aCfc,g,g™L^ = g{Ck^g,q"^) 
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where g = (a,£^) £ LEquivRui^^^^)- Thus, since / G LAutu-^^x{eb{Ck,s,q"')) if ™d only if f{^-b[Ck,s,q'")) = 
eb(Cfc,g,,™) if and only if e^^^{f{€h{Ck.g,q'^))) == Ck,g.q^^ if and only if g{Ck.g,q^^) = Cfc^g,^.^, we see / e 
L^uiMat(eb(Cfe,g,g™)) if and only if g E LAutRM{Ck.g,q"^)- By Theorem ll V.4I g e LAutRMiCk.g.q"^) if and only 
if g has the form I 7, (eg (/3g)) ) for some 7 G F*m and some f5 e F*^. Thus, g e i^utRM(CA;_g.qm) if and only 
if L^ = (eg (/i?g)) , and so the result holds. D 



A key feature of the rank-metric automorphism group of a Gabidulin code that we saw in Theorem IIV.4I is that 
the automorphism group has a direct product structure modulo the subgroup N — {(A,A^^/„) | A £ F*}. In 
other words, [a,L] G LAut^M{Ck,g.q"^) if and only if [a,/;] G LAutRM{Ck,g,q"^) and [1,L] G iAutRM(Cfc,g,g'")- 
Proposition II V. 7 1 shows that LAutMin{£h{Ck,g,q"^)) contains a subgroup with this same direct product structure, but 
this does not guarantee that LAutM-it{£h{Ck,g,q^^)) as a whole has this direct product structure. In fact. Example 
IIV.8I gives an explicit example of a matrix automorphism group of an expanded Gabidulin code that violates this 
direct product structure. 



Example IV.8. We consider the same Gabidulin code from Example IIV.6I expanded with respect to the same basis 
for F64 over F2. Set 



L 






1 


1 








1 

















1 


1 


1 









G GL4(F2) 



M = 






1 





1 








1 








1 








1 


1 


1 


1 

















1 


1 






e GL6(F, 



One can check that [L,M] G i^MiMat(eb(C'2,g,64))- When we examine the effect of L alone, and apply Lemma 
irv31 we find 

= (W,w37_^^42^^^^37^^16) 
= (c.,C.l^w3^a.l6)^C2,g,64, 

and so £eb(C2,g,64) 7^ eb(C2,g,64)- Thus, [L, /„] ^ LAutuatiehiC 2,^,64)), and so LAutMat(eb(C'2,g,64)) does not 
have the structure of a direct product. 

Thus, the group structure of LAutMai{£h{Ck.g,q^")) is significantly more complicated than that of 
LAutRM{Ck.g,q'^), which seems to be a reflection of the fact that matrix equivalence is strictly more general 
than rank-metric equivalence, as seen in Theorem IIII.21I 

V. Discussion 

Given the growing number of applications for random linear network coding, it is essential that methods 
of providing error correction for this form of network coding be further investigated. Kotter and Kschischang 
demonstrate the error-correcting value of subspace codes; in particular, they establish the near-optimaUty of lifted 
rank-metric and lifted matrix codes in this context [|8]. Since lifted rank-metric and lifted matrix codes inherit 
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their structure and distance distributions from the underlying rank-metric and matrix codes, further examination of 
these aspects of the underlying rank-metric and matrix codes is essential. Toward this end, this paper has created 
a framework for classifying rank-metric and matrix codes in terms of their structural and distance properties. This 
was accomplished by defining a notion of equivalence that preserves these properties and characterizing the sets 
of Unear and semi-linear equivalence maps for both rank-metric- and matrix-equivalence. We also characterize the 
subset of linear rank-metric equivalence maps that fix the family of rank-metric codes known as Gabidulin codes, 
and provide a partial characterization of the linear matrix -equivalence maps that fix the matrix codes obtained by 
expanding Gabidulin codes with respect to an arbitrary basis for the extension field over which these codes are 
defined. One area of future research is to provide a complete characterization of this linear matrix-automorphism 
group for the expanded Gabidulin codes. 

Public-key cryptography provides another venue in which this analysis of the linear equivalence maps and their 
action on Gabidulin codes may prove valuable. As outlined in Section [III Gabidulin codes are widely used for 
generating subspace codes, but they have also found applications in defining a public-key cryptosystem, known 
as the GPT cryptosystem, analogous to the McEliece cryptosystem JS). In this setting, Gabidulin codes have 
proven valuable because they have high minimum distance and an efficient decoding algorithm, but are resistant to 
combinatorial decoding attacks by cryptanalysts when the code in use is unknown. One drawback of these codes, 
however, is that their highly structured nature enables cryptanalysts, via Overbeck's attack lfT2l . to recover the 
original code and crack the cryptosystem. To attempt to disguise the structure of the code, a simple rank-metric- 
equivalence map, namely a permutation matrix over the base field, is employed in one updated version of the 
GPT cryptosystem; however, the permutation matrix still does not provide sufficient protection to resist Overbeck's 
attack is). To circumvent this attack, Gabidulin proposed using a permutation matrix over an extension field, which 
no longer guarantees that the modified code will be equivalent to the original Gabidulin code, and thus the high 
minimum-distance property may be lost. One possible alternative to this is the use of matrix-equivalence maps 
acting on the expanded Gabidulin code as a means to further disguise the structure of Gabidulin codes while 
still maintaining the distance distribution. This is an important area of future research, in particular because the 
GPT cryptosystem has the potential to be a public -key cryptosystem that is impervious to the advent of quantum 
computing unUke the now-commonly used RSA public -key cryptosystem. 
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